Abstract. The Reeb space of a smooth map whose codimension is minus is the space defined as the space of all connected components of inverse images. For generic maps such as Morse functions and their higher dimensional versions, they are polyhedra whose dimensions are equal to those of the target manifolds and which have simplicial structures compatible with (the canonical) simplicial structures of the source and the target manifolds, and in considerable cases they inherit fundamental and important invariants of source manifolds. In fact, Reeb spaces are fundamentall tools in the algebraic and differential topological theory of generic maps or the global singularity theory. As one of studies of global topological properties of Reeb spaces, Hiratuka and Saeki showed in 2013 that for generic maps or more precisely, maps compatible with simplicial structures of the manifolds, inducing simplicial structures on the Reeb spaces and having connected components of inverse images of regular values being not null-cobordant, the top-dimensional homology groups with appropriate coefficient rings of the Reeb spaces do not vanish. Later the author extended this theorem: the author has introduced cobordism-like groups based on adjacent relations of connected components of inverse images of regular values and shown a similar theorem.
1. Introduction 1.1. Reeb spaces, generic maps compatible with triangulations of manifolds and their Reeb spaces. The Reeb space of a map is the space defined as the space of all connected components of inverse images. For a continuous map c : X → Y , we denote the space by W c , and the quotient map by q f : X → W c . We can define the mapc uniquely defined so that the relation c =c • q c holds. Reeb spaces are fundamental and important tools in the algebraic and differential topological theory of Morse functions and their higher dimensional versions or the global singularity theory. See also [10] and [12] for example for the fundamental algebraic, geometric and differential topological theory of Reeb spaces.
For example, for generic maps including Morse functions and their higher dimensional versions such as fold maps etc. and more generally, maps belonging to the class of Thom maps, existing densely in any space consisting of all smooth maps between smooth manifolds, the Reeb spaces are polyhedra compatible with the canonical PL structures of the source and target manifolds ( [13] ). In addition, topological stable maps, which are defined as smooth maps such that by slight deformations the topologies of the sets of all singular points, those of singular values and maps themselves are invariant topologically, are also Thom maps and always exist densely, for example, the dimensions of the Reeb spaces are same as those of the target manifolds; moreover, for such maps, for suitable cases, the Reeb spaces inherit fundamental and important invariants such as homology groups etc. of the source manifolds.
Morse functions such that at distinct singular points the values are distinct, existing densely on any closed manifold, are simplest examples of topologically stable maps. They are also stable maps, class C ∞ versions of topologically stable maps: stable maps exist densely for considerable pairs of the dimensions of the manifolds including the cases where the dimensions of the target manifolds are lower than 6. For fundamental facts and discussions on the singularity theory of generic maps including stable maps, see [1] for example.
For presented maps including good maps such as Thom maps, Hiratuka and Saeki ([2] and [3] ) have shown the following: if there exists a connected component of an inverse image of a regular value being (oriented) null-cobordant, then the top-dimensional homology group whose coefficient ring is Z/2Z (resp. the oriented cobordism group of the dimension equal to the codimension or the difference of the dimensions of the source and the target manifolds) of the Reeb space does not vanish. Later, the author extended this by introducing general cobordismlike modules of manifolds whose dimensions are equal to the codimension observing adjacent relations of inverse images of regular values by such a map and by showing a theorem corresponding to this new module ( [4] ).
1.2. The contents of this paper, terminologies and notation. In this paper, as a different, new, fundamental and important study, we investigate a general property on structures of the modules introduced by the author in [4] for an explicit class of maps of codimension −2 and show that the structures are flexible. This paper is organized as the following. In section 2, we review Reeb-triangulable maps, whose Reeb spaces are polyhedra compatible with the PL structures of the target manifolds and defined first in [4] . They are generalizations of smooth functions whose Reeb spaces are graphs. Maps compatible with simplicial structures of manifolds, explained in the introduction including Thom maps etc., are called triangulable maps in [13] and later in [2] and [3] and note that triangulable maps are Reeb-triangulable maps and that the converse facts hold in considerable cases. We also introduce fold maps, higher dimensional versions of Morse functions, and note that fold maps including stable ones are Reeb-triangulable.
In section 3, we review a module compatible with a Reeb-triangulable map first introduced in [4] . It is a submodule of a free module generated by all smooth, closed and connected manifolds whose dimensions are equal to the difference of the dimensions of the source and the target manifolds modulo the equivalence relation that two manifolds are diffeomorphic (in the oriented category) and it is a submodule including all elements obtained canonically by observing adjacent relations of inverse images of regular values of the map.
In section 4, we present and show a main result. For this, methods used in [5] , [6] , [7] etc. are key ingredients or closely related. As a key proposition, we show Proposition 1 and this essentially leads us to complete the proof of the main theorem.
In this paper, manifolds and maps between them are smooth and of class C ∞ unless otherwise stated. The singular set of a smooth map is defined as the set of all singular points of the map, the singular value set of the map is defined as the image of the singular set and the regular value set of the map is the complement of the singular value set. Throughout this paper, M is a closed manifold of dimension m ≥ 1, N is a manifold of dimension n without boundary satisfying the relation m > n ≥ 1, and f is a map from M into N . Moreover, we denote the singular set of the map by S(f ).
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Reeb-triangulable maps and fold maps
In [4] , we introduced the following class of generic smooth maps. Fold maps, which are higher dimensional versions of Morse functions are also Reeb-triangulable and we review the definition of a fold map. The main theorem is for a certain class of fold maps. See also [1] and for a precise explicit differential topological study, see [11] for example.
Definition 2.
A smooth map is said to be a fold map if at each singular point p, the map is of the form
The singular set of a fold map above is an (n − 1)-dimensional closed submanifold and the restriction map of a fold map to the singular set is an immersion of codimension 1.
Note that a fold map is stable if and only if the restriction map to the singular set is transversal. See also FIGURE 1. Figure 1 . A local subset of the singular set of a fold map and local subsets of the singular value sets of fold maps being stable and not being stable, respectively. Remark 1. As a more general study, fold maps are generalized as Morin maps ( [9] ) and stable Morin maps exist densely when the dimension of the source manifold is not smaller than that of the target manifold and the dimension of the target manifold is not so large (smaller than 4). (Stable) Morin maps are Reeb-triangulable and in the case where the dimension of the target manifold is not so large, stable maps are Reeb-triangulable and exist densely. In the proceeding sections, we only treat fold maps which may not be stable.
→

3.
A cobordism-like module generated by equivalence classes of smooth closed and connected manifolds
We introduce a cobordism-like module generated by equivalence classes of smooth, closed and connected manifolds of a fixed dimension, which was first introduced in [4] and the explanation may overlap with that in the paper in considerable parts.
We call an equivalence class obtained by considering the equivalence relation on the family of smooth manifolds defined by (orientation preserving) diffeomorphisms between smooth manifolds a diffeomorphism type (resp. an oriented diffeomorphism type).
Let k ≥ 0 be an integer. For a principle ideal domain R, we can define a free R-module N k (R) (O k (R)) generated by all (resp. oriented) diffeomorphism types of k-dimensional smooth, closed and connected (resp. oriented) manifolds so that distinct classes are mutually independent.
Let f : M → N be a Reeb-triangulable map from an m-dimensional closed (resp. and oriented) manifold of dimension m into an n-dimensional oriented manifold. We define a submodule A ⊂ N m−n (R) (resp. O m−n (R)) satisfying several conditions.
An arc smoothly embedded in N is said to be transverse to f if for each point a in the interior and each point b ∈ f −1 (a), the relation df (T b M ) ⊕ T a S = T a N holds and each point a of the boundary is a regular value of f (f −1 (a) may be empty). Let Γ be a triangulation of N given by an appropriate homeomorphism compatible with the PL structure. Let Γ f be the set of all connected components of inverse images of all arcs transverse to the map f , having at most 1 point of an (n − 1)-dimensional face of a simplicial complex of Γ and satisfying the following byf :
(1) The point in the face is not in any (n − 2)-dimensional face.
(2) The point in the face is in the interior of the curve in N . Let γ ∈ Γ f and let A f,γ be the set of all closed (resp. canonically oriented) connected submanifolds appearing as connected components of the inverse images of points in ∂γ IntW f by f . The sum of the products of 1 or −1 and (resp. oriented) diffeomorphism types of all submanifolds in A f,γ is defined and we denote it by a f,γ : we set the coefficient of each diffeomorphism type according to the orientation of the (n − 1)-dimensional face induced from the n-dimensional oriented simplex the boundary point of the closed interval in the target belongs to. For example, FIGURE 2 shows a local subspace of the Reeb space of a stable Morse function on an m-dimensional closed manifold around a value of a singular point corresponding to a 1-handle or (m − 1)-handle and in the figure, a 1 , a 2 and a 3 represent the elements corresponding to the corresponding connected components of the inverse images of corresponding regular values (circles represent manifolds appearing as inverse images of regular values and two manifolds in the left and the manifold in the right are cobordant; the latter manifold is regarded as a connected sum of the former two manifolds) and the sum a f,γ is a 1 − a 2 − a 3 or a 2 + a 3 − a 1 . Definition 3. In the discussion just before, if for some triangulation Γ of N and each γ ∈ Γ f , a f,γ ∈ A holds, then the submodule A ⊂ N m−n (R) (resp. O m−n (R)) is said to be (resp. oriented) compatible with f .
Note that the sign of each a f,γ ∈ A does not affect on the definition. Definition 4. Let R be a principle ideal domain. In the discussion just before, let A be an R-module (resp. oriented) compatible with a Reeb-triangulable map f satisfying the following.
(1) If A contains all elements in N m−n (R) (resp. O m−n (R)) corresponding to (resp. oriented) manifolds not appearing as connected components of inverse images of regular values, then A is said to be normally compatible or NC with f .
(2) We set the submodule generated by all elements corresponding to manifolds not appearing as connected components of inverse images of regular values as A 1 . If A is NC with f , thus A 1 is a submodule of A and for a submodule A 2 generated by a finite number of elements represented as linear combinations of elements corresponding to manifolds appearing as connected components of inverse images of regular values, A is represented as the direct sum of A 1 and A 2 , then A is said to be completely normally compatible or CNC with f . We call A 1 the outer part of A and A 2 an effective part of A. (3) Let A be CNC with f . An effective part A 2 of A is said to be minimal, if A 2 is minimal for any effective part of any submodule CNC with f . If A 2 is minimal, then A is said to be minimal as a module CNC with f or M CN C with f .
Note that a module MCNC with a Reeb-triangulable map is uniquely determined. In the next section, as a main theorem, conversely, we obtain a map from a given suitable module so that the original module is MCNC with the map.
The main theorem
Theorem 1. Let R be a principle ideal domain. Let A ⊂ O 2 (R) be a submodule satisfying the following.
(1) A includes elements corresponding to all oriented diffeomorphism types of closed, connected and oriented surfaces but a finite number of oriented diffeomorphism types and we denote the submodule generated by all of such elements by A 1 . (2) A includes a finite number of elements represented as linear combinations of oriented diffeomorphism types of closed, connected and oriented surfaces not in A 1 , the submodule generated by all of such elements are not zero and we denote the submodule by A 2 . Thus, for a closed and connected oriented manifold N of dimension n, there exist a closed and connected manifold M of dimension m = n + 2 and a map f : M → N such that A is oriented compatible and MCNC with f . Moreover, A 1 is the outer part and A 2 is the minimal effective part.
The following is important in the proof of Theorem 1. The method used in the proof is similar to one used in [6] .
Proposition 2. Let ∂ 1 P and ∂ 2 P be closed and oriented surfaces which may not be connected. Then there exist a 3-dimensional, compact, connected and orientable manifold P whose boundary is the disjoint union of ∂ 1 P and ∂ 2 P and a function on P satisfying the following.
(1) The function is not constant. Proof. The proof is essentially based on a fundamental fact on the differential topological theory of Morse functions, which relates a singular point to an attachment of a handle to a compact manifold represented as the inverse image of the set of all real numbers not larger than a suitable value close to and smaller than the singular value and conversely, an attachment of a handle to a singular point. Such an argument appears in [6] in the case where the boundary is a disjoint union of standard spheres of a general dimension.
To a closed and oriented surface ∂ 1 P which may not be connected and which is regarded as ∂ 1 P × {0} ⊂ ∂ 1 P × [−1, 0], by attaching handles whose indice are 1 or 2 being mutually disjoint as presented in FIGURE 3 simultaneously suitably, we can change the surface into a new surface ∂ 2 P . More precisely, we add 1-handles and 2-handles to change ∂ 1 P into S 2 , decompose it into finite copies of S 2 (the number is equal to that of connected components of a desired surface) and then attach 1-handles to each component being diffeomorphic to S
2 : we can demonstrate this operation at the same time to obtain a desired surface. This represents a step of changing the inverse image of the set of all real numbers not larger than a suitable value close to and smaller than a fixed singular value into the inverse image of the set of all real numbers not larger than a suitable value close to and larger than a fixed singular value.
This gives a desired manifold and a function as FIGURE 4. This completes the proof.
Note that related with the discussion, in [5] , local construction of functions which may not be (stable) Morse as this on a surface was demonstrated to construct functions globally. [7] is also closely related to these studies: homology groups of Reeb graphs of (Morse) functions on fixed manifolds have been investigated.
Proof of Theorem 1. We first show the statement in the case where n = 1.
STEP 1
For each element of the generator of A 2 , we construct a local function as in Proposition 1. For any generator a, we can represent a as a + + a − where a + is a linear combination of elements representing oriented diffeomorphism types of closed, connected and oriented spheres such that each coefficient is positive and where a − is a linear combination of elements representing oriented diffeomorphism types of closed, connected and oriented spheres such that each coefficient is negative. For example, if a represents the 2-dimensional sphere S 2 , then we represent this by ka + (−(k − 1)a) for a positive integer k > 1. By virtue of Proposition 1, we set ∂ 1 P as a surface consisting of connected surfaces where there exist only surfaces such that the corresponding coefficients of the oriented diffeomorphism types in a + are not zero and where the coefficients indicate the numbers of the connected spheres, set ∂ 2 P similarly and we can obtain a Morse function. For example, if a represents the 2-dimensional sphere S 2 , then we can construct a function as presented in FIGURE 2 where a 1 , a 2 and a 3 represent S 2 . We consider a copy of each Morse function, glue each pair of functions on the boundaries canonically and we obtain a finite number of local Morse functions (FIGURE 5). We extend each function to a surjective smooth map over N by setting the map as a trivial bundle Figure 3 . Changing a surface ∂ 1 P into ∂ 2 P by adding handles at the same time.
over the complement of the original image of the local function.
STEP 2
We add trivial bundles over N such that fibers are closed and connected oriented surfaces and that the oriented diffeomorphism types of the surfaces are not in the module A 1 if we need. We need to construct a map so that as inverse images of regular values, every closed and connected orientable surface whose corresponding element is not in A 1 must appear.
STEP 3
Take a closed interval in the regular value set and its inverse image. We can change the local function there into a function as in Proposition 1 and this makes the source manifold of the global map over a connected manifold N connected. See also FIGURE 6. Note also that the fact N is closed makes M closed.
For the case where n > 1, in STEP 1, we need to consider the product of the identity map on S n−1 and each function, which is a fold map as a result, so that one of the region of the complement of the image, being a small closed tubular ↓ Figure 6 . An operation in STEP 3. neighborhood of the singular value set, is a standard closed disc of dimension n and we extend this by constructing trivial bundles over the complement of the original image of the local fold map. We can demonstrate operations in STEP 2 and STEP 3 similarly. See also FIGURE 7
Remark 2. We cannot show Theorem 1 in the case of N 2 (R) or the version without "oriented" similarly. The obstruction to this case is the fact that RP 2 is not nullcobordant, for example.
